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Abstract
In [B. De Bruyn, P. Vandecasteele, Valuations and hyperplanes of dual polar spaces, J. Combin. Theory
Ser. A 112 (2005) 194–211], we introduced the class of the SDPS-valuations of dual polar spaces. We
showed that these valuations and all their extensions give rise to hyperplanes of dual polar spaces. We call
these hyperplanes SDPS-hyperplanes. In the present paper, we show that a hyperplane H of a thick dual
polar space is an SDPS-hyperplane if and only if every hex A not contained in H intersects H in either a
singular hyperplane or the extension of an ovoid.
c© 2006 Elsevier Ltd. All rights reserved.
1. Introduction
Let Π be a nondegenerate polar space of rank n ≥ 2. With Π there is associated a point-
line geometry Δ whose points are the maximal singular subspaces of Π , whose lines are the
next-to-maximal singular subspaces of Π and whose incidence relation is reverse containment.
We call Δ a dual polar space (Cameron [2]). There exists a bijective correspondence between
the nonempty convex subspaces of Δ and the possibly empty singular subspaces of Π : if α is a
singular subspace of Π , then the set of all maximal singular subspaces containing α is a convex
subspace of Δ. The convex subspaces through a given point x of Δ define a projective space of
dimension n − 1 which we will denote by ResΔ(x).
A partial linear space is called a near polygon (Shult and Yanushka [9]) if for every point x
and every line L, there exists a unique point on L nearest to x . Here, distances are measured in the
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point graph or collinearity graph. The maximal distance between two points of a convex subspace
A of a near polygon is called the diameter of A and is denoted as diam(A). A near polygon of
diameter d is called a near 2d-gon. A near polygon is called dense if every line is incident with
at least three points and if every two points at distance 2 have at least two common neighbours.
Thick dual polar spaces are examples of dense near polygons. By Theorem 4 of Brouwer and
Wilbrink [1], any two points of a dense near 2d-gon at distance δ ∈ {0, . . . , d} from each other
are contained in a unique convex subspace of diameter δ. These convex subspaces are called
quads, hexes, respectively maxes, if δ is equal to 2, 3, respectively d − 1.
Suppose S is a near polygon. We will denote the distance between two points x and y of
S by d(x, y). For every point x of S and every i ∈ N, Δi (x), respectively Δ∗i (x), denotes the
set of points of S at distance i , respectively distance at most i , from x . We put x⊥ := Δ∗1(x)
for every point x . For every point x and every nonempty set X of points, we define d(x, X) :=
min{d(x, y)|y ∈ X}. A convex subspace A of S is called classical in S if for every point x of S,
there exists a unique point πA(x) in A such that d(x, y) = d(x, πA(x)) + d(πA(x), y) for every
point y of A. Every convex subspace of a dual polar space Δ is classical in Δ. If x and y are
two points of S, then we denote by 〈x, y〉 the smallest convex subspace containing x and y, i.e.,
〈x, y〉 is the intersection of all convex subspaces containing x and y. More generally, we will
use the notation 〈∗1, ∗2, . . . , ∗k〉 to denote the smallest convex subspace containing the objects
∗1, ∗2, . . . , ∗k .
Let S be a dense near 2n-gon. A hyperplane of S is a proper subspace H meeting each line,
i.e., every line of S either is contained in S or intersects H in a unique point. Every ovoid (=
set of points meeting each line in a unique point) of S is a hyperplane of S. The set of points
of S at non-maximal distance from a given point x is a hyperplane Hx of S which we call the
singular hyperplane with deepest point x . In Section 3, we will define a very important class
of hyperplanes in thick dual polar spaces. These hyperplanes are called SDPS-hyperplanes and
include the singular hyperplanes and the ovoids of the generalized quadrangles. There is also a
method for constructing hyperplanes from other hyperplanes. Suppose A is a convex subspace
of diameter δ ≥ 1 which is classical in S, and let HA be a hyperplane of A. By De Bruyn and
Vandecasteele [6, Proposition 1], the set H of points of S at distance at most n − δ from at least
one point of HA is a hyperplane of S. We call H the extension of HA. If A = S, then we say that
the extension is trivial.
Suppose H is a hyperplane of a dense near polygon S. The H is a maximal subspace of S by
Shult [8, Lemma 6.1]. A point x of H is called deep with respect to H if x⊥ ⊆ H . A convex
subspace A of diameter at least 1 is called deep with respect to H if A ⊆ H . If Q is a quad of S,
then either Q ⊆ H or Q ∩ H is a hyperplane of Q. Hence, one of the following cases occurs: (1)
Q ⊆ H ; (2) there exists a point x in Q such that x⊥ ∩ Q = H ∩ Q; (3) Q ∩ H is a subquadrangle
of Q; (4) Q ∩ H is an ovoid of Q. If case (1), (2), (3), respectively (4), occurs, then Q is called
deep, singular (with deep point x), subquadrangular, respectively ovoidal, with respect to H .
The following result is the main theorem of this paper.
Main Theorem. Let H be a hyperplane of a thick dual polar space Δ of rank n ≥ 3. Then the
following are equivalent:
(i) H is an SDPS-hyperplane;
(ii) for every hex A of Δ not contained in H , the hyperplane A ∩ H of A is either a singular
hyperplane or the extension of an ovoid in a quad.
Our main theorem generalizes Lemma 3.4 of Cardinali, De Bruyn and Pasini [3] which says
that every hyperplane of a thick dual polar space of rank n ≥ 3 with only deep and singular hexes
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is singular. Our main result also generalizes a result of Pralle and Shpectorov [7] who studied
hyperplanes of a thick dual polar space Δ of rank 4 having the property that for every hex A
of Δ, A ∩ H is the extension of an ovoid in a quad of A. They showed that such a hyperplane
consists of the set of points at distance at most 1 from a certain nice set of points. Using the
terminology of De Bruyn and Vandecasteele [6] such a nice set of points is called an SDPS-set,
see also Section 3.
We will prove the main theorem in Section 4. In Section 3, we will define the class of the
SDPS-hyperplanes. SDPS-hyperplanes are related to certain valuations of dual polar spaces.
2. Valuations
Let S = (P,L, I) be a dense near polygon. A function f from P to N is called a valuation of
S if it satisfies the following properties (we call f (x) the value of x):
(V1) there exists at least one point with value 0;
(V2) every line L of S contains a unique point xL with smallest value and f (x) = f (xL) + 1
for every point x of L different from xL ;
(V3) every point x of S is contained in a convex subspace Fx such that the following properties
are satisfied for every y ∈ Fx :
(i) f (y) ≤ f (x);
(ii) if z is a point collinear with y such that f (z) = f (y) − 1, then z ∈ Fx .
One can show, see De Bruyn and Vandecasteele [5, Proposition 2.5], that the convex subspace Fx
in property (V3) is unique. Valuations of dense near polygons were introduced in [5] and form
a very important tool for classifying dense near polygons. Valuations are important for another
reason: they give rise to hyperplanes.
Proposition 2.1 (Proposition 2 of [5]). Let f be a valuation of a dense near polygon S and let
M denote the maximal value attained by f . Then the set of points with value at most M − 1 is a
hyperplane H f of S. Moreover, every quad of S is either deep, singular or ovoidal with respect
to H f .
Proposition 2.2. Let f be a valuation of a dense near polygon S and let H f be the hyperplane
of S associated with f . Then for every point x ∈ H , Fx ⊆ H .
Proof. This is an immediate corollary of property (V3,i). 
Proposition 2.3. Let f be a valuation of a dense near polygon S, let M denote the maximal
value attained by f and let H f be the hyperplane of S associated with f . If x is a point with
value M − 1, then the lines of Fx through x are precisely the lines through x contained in H .
Proof. This follows immediately from properties (V2) and (V3). 
Proposition 2.4. Let f denote a valuation of a dense near polygon S, let H be the hyperplane
of S associated with f and let H denote the complement of H in S. If M denotes the maximal
value attained by f , then f (x) = M − d(x, H) for every point x of S.
Proof. If y is a point of H such that d(x, y) = d(x, H), then M − f (x) = f (y) − f (x) ≤
d(x, y) = d(x, H) or f (x) ≥ M − d(x, H). We will now also show that f (x) ≤ M − d(x, H).
We will prove this by downwards induction on the value of f (x). Obviously, the proposition
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holds if f (x) = M . So, suppose that f (x) < M and that the proposition holds for points with
value larger than f (x). If Fx = Δ, then by property (V3), f (y) ≤ f (x) < M for every point y
ofΔ, a contradiction. Hence, there exists a line L through x not contained in Fx . Let y denote an
arbitrary point of L \ {x}. Then f (y) = f (x) + 1 by properties (V2) and (V3). By the induction
hypothesis, f (y) = M −d(y, H). Now, f (x) = f (y)−1 = M − (d(y, H)+1) ≤ M −d(x, H)
by the triangle inequality. This proves the proposition. 
Corollary 2.5. If H is a hyperplane of a dense near polygon S, then H = H f for at most one
valuation f of S.
Proof. If H = H f , then the valuation f can be reconstructed in the following way from the
hyperplane H . Let H be the complement of H in S and put f (x) := d(x, H) for every point x of
S. If M is the maximal value attained by f , then f (x) = M − f (x) for every point x of S. 
We will now describe two very elementary classes of valuations.
Let x denote a point of a dense near polygon S. For every point y of S, we define f (y) :=
d(x, y). Then f is a valuation of S which we call a classical valuation.
Let O be an ovoid of a dense near polygon. For every point y of S, we define f (y) := 0 if
y ∈ O and f (y) := 1 otherwise. Then f is a valuation of S which we call an ovoidal valuation.
In some cases, valuations can be constructed from others. Suppose A is a convex subspace of
a dense near polygon S which is classical in S, and let f ′ be a valuation of A. For every point x
of S, we define f (x) = d(x, πA(x)) + f ′(πA(x)). Then f is a valuation of S which we call the
extension of f ′. If A = S, then we call the extension trivial. For every point x of S, let Fx denote
the convex subspace through x which satisfies property (V3) with respect to the valuation f . For
every point x of A, let Gx denote the convex subspace of A through x which satisfies property
(V3) with respect to the valuation f ′. Then by De Bruyn and Vandecasteele [5, Proposition 3.7],
Fx = 〈x, πA(x), GπA(x)〉. We leave the following proposition as a straightforward exercise to the
reader.
Proposition 2.6. Suppose the valuation f of a dense near polygon S is the extension of a
valuation f ′ of a certain convex subspace A of diameter at least 1 which is classical in S.
Then the hyperplane H f of S is the extension of the hyperplane H f ′ of A.
Valuations can also induce others.
Proposition 2.7. Let f be a valuation of a dense near polygon S, let A be a convex subspace
of S and let m denote the minimal value attained by f (x) as x ranges over all points of A. For
every point x of A, we define f ′(x) = f (x) − m. Then f is a valuation of A (the so-called
induced valuation).
In the following section, we will define a very important class of hyperplanes in dual polar
spaces which are related to valuations.
3. SDPS-hyperplanes
LetΔ be a thick dual polar space of rank 2n, n ≥ 0. (We take the following convention: a dual
polar space of rank 0 is a point and a dual polar space of rank 1 is a line.) A set X of points ofΔ
is called an SDPS-set (SDPS = sub dual polar space) ofΔ if it satisfies the following properties:
(1) No two points of X are collinear in Δ.
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(2) If x, y ∈ X such that d(x, y) = 2, then X ∩ 〈x, y〉 is an ovoid of the quad 〈x, y〉.
(3) The point-line geometry ˜Δ whose points are the elements of X and whose lines are the quads
ofΔ containing at least two points of X (natural incidence) is a dual polar space of rank n.
(4) For all x, y ∈ X , d(x, y) = 2 · δ(x, y). Here, d(x, y) and δ(x, y) denote the distances
between x and y in the respective dual polar spaces Δ and ˜Δ.
(5) If x ∈ X and if L is a line ofΔ through x , then L is contained in a quad ofΔ which contains
at least two points of X .
SDPS-sets were introduced by De Bruyn and Vandecasteele [6]. Note that condition (5) is only
implicitly in [6]. In [6], we only considered finite dual polar spaces and the possibilities for
(Δ,˜Δ) listed there force condition (5) to hold. All the proofs mentioned in [6] are still valid in
the infinite case (after a slight modification) if one assumes that the extra condition (5) holds, see
Sections 5.8, 5.9 and 5.10 of De Bruyn [4].
An SDPS-set of a dual polar space of rank 0 consists of the unique point of that dual polar
space. An SDPS-set of a thick generalized quadrangle Q is an ovoid of Q. For examples of
SDPS-sets in thick dual polar spaces of rank 2n ≥ 4, see [6].
Proposition 3.1 (Theorem 4 of De Bruyn and Vandecasteele [6]). Let X be an SDPS-set of a
thick dual polar space Δ of rank 2n ≥ 0. For every point x of Δ, we define f (x) := d(x, X).
Then f is a valuation of Δ.
Any valuation which can be obtained from an SDPS-set as described in Proposition 3.1
is called an SDPS-valuation. The hyperplanes arising from (possibly trivial) extensions of
SDPS-valuations are called SDPS-hyperplanes. By Proposition 2.6, the extension of an SDPS-
hyperplane is again an SDPS-hyperplane.
Proposition 3.2 (Theorem 5 of De Bruyn and Vandecasteele [6]). Let f be a valuation of a thick
dual polar space Δ which is the possibly trivial extension of an SDPS-valuation of a convex
subspace of Δ, and let A be an arbitrary hex of Δ. Then the valuation induced in A is either
classical or the extension of an ovoidal valuation in a quad of A.
Also the converse is true.
Proposition 3.3 (Theorem 6 of De Bruyn and Vandecasteele [6]). Let f be a valuation of a thick
dual polar space Δ such that every induced hex-valuation is either classical or the extension of
an ovoidal valuation in a quad, then f is the possibly trivial extension of an SDPS-valuation in
a convex subspace of Δ.
Special case I: Let f be an SDPS-valuation of a thick dual polar spaceΔ of rank n = 2m. Then
by De Bruyn and Vandecasteele [6], the maximal value attained by f is equal to m. The set H of
points of Δ at distance at most m − 1 from X is an SDPS-hyperplane of Δ. We distinguish two
cases for a point x in H .
• Suppose d(x, X) ≤ m −2. Then every line through x is contained in H , i.e., x is a deep point.
• Suppose d(x, X) = m − 1. By Proposition 2.3, a line through x is contained in H if and only
if it is contained in Fx . By De Bruyn and Vandecasteele [6], diam(Fx ) = n − 2.
Special case II: Let f be a valuation of a thick dual polar space Δ of rank n which is a proper
extension of an SDPS-valuation f ′ in a convex subspace A of diameter 2m (n ≥ 2m + 1). The
maximal value attained by f is equal to (n − 2m) + m = n − m. The set H of points of Δ at
distance at most n − m − 1 from X is an SDPS-hyperplane of Δ. We distinguish the following
three possibilities for a point x of H :
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• If f (x) ≤ n − m − 2, then x is a deep point.
• Suppose f (x) = n − m − 1, d(x, A) = n − 2m and f ′(x ′) = m − 1, where x ′ := πA(x).
Then Fx = 〈x, x ′, Gx ′ 〉 has diameter d(x, x ′) + diam(Gx ′) = (n − 2m) + (2m − 2) = n − 2.
• Suppose f (x) = n − m − 1, d(x, A) = n − 2m − 1 and f ′(x ′) = m, where x ′ := πA(x).
Then Fx = 〈x, x ′, Gx ′ 〉 has diameter d(x, x ′) + diam(Gx ′) = (n − 2m − 1) + 2m = n − 1.
If f (x) = n − m − 1, then by Proposition 2.3, a line through x is contained in H if and only if it
is contained in Fx .
4. Proof of the main theorem
Let f be the (possibly trivial) extension of an SDPS-valuation in a convex subspace of Δ
and let H be the associated SDPS-hyperplane. Let M denote the maximal value attained by f .
Choose an arbitrary hex A in Δ. If A does not contain a point with value M , then A is deep. If
A contains a point with value M , then A ∩ H is either a singular hyperplane or the extension
of an ovoid, depending on whether the valuation induced in A is classical or the extension of an
ovoidal valuation in a quad of A (see Proposition 3.2). This proves (i) ⇒ (ii). We will now prove
(ii) ⇒ (i) by induction on the rank n of the dual polar space Δ. So, let H be a hyperplane of
Δ with the property that for every hex A of Δ not contained in H , the hyperplane A ∩ H of A
is either a singular hyperplane or the extension of an ovoid in a quad of A. Obviously, the main
theorem holds if n = 3. So, suppose n ≥ 4 and that the main theorem holds for dual polar spaces
of rank smaller than n (=induction hypothesis).
Lemma 4.1. No quad of Δ is subquadrangular with respect to H .
Proof. Let Q denote an arbitrary quad of Δ and let A denote a hex through Q. If A ⊆ H , then
Q is deep. If A ∩ H is a singular hyperplane of A, then Q is either deep or singular. If A ∩ H is
the extension of an ovoid, then A is either deep, singular or ovoidal. This proves the lemma. 
For every point x of H , let Λ(x) denote the set of lines through x contained in H . In the
following lemma, the set Λ(x) is regarded as a set of points of ResΔ(x) which is a projective
space of dimension n − 1.
Lemma 4.2. For every point x of H ,Λ(x) is a subspace of ResΔ(x) of dimension at least n −3.
Proof. Let L1 and L2 be two lines through x contained in H . By Lemma 4.1, the quad Q through
L1 and L2 is either singular or deep with respect to H . In any case, every line of Q through x is
contained in H . This proves that Λ(x) is a subspace of ResΔ(x).
Now, let A denote an arbitrary hex through x and let LA denote the set of lines through x
contained in A. The intersection A ∩ H is equal to either A, a singular hyperplane of A or the
extension of an ovoid. In any case, |LA ∩ Λ(x)| ≥ 1.
It now readily follows that dim(Λ(x)) ≥ n − 3. 
Let Pi , i ∈ {1, 2, 3}, denote the set of points x ∈ H for which dim(Λ(x)) = n − 4 + i .
Obviously, P3 is the set of deep points of H .
Lemma 4.3. The set P3 is a subspace.
Proof. Let x and y be two distinct collinear points of P3 and let z be a point of the line xy
different from x and y. Let L denote an arbitrary line through z. If L = xy, then L ⊆ H . Suppose
L = xy and let Q be the quad 〈L, xz〉. Since x⊥ ∩ Q ⊆ H and y⊥ ∩ Q ⊆ H , Q is deep. So,
L ⊆ H . This proves that every line through z is contained in H . So, P3 must be a subspace. 
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Lemma 4.4. If H contains a deep max M, then (i) H is the extension of a hyperplane of
M, (ii) H is an SDPS-hyperplane.
Proof. Obviously, M ⊆ P2 ∪ P3. We will now show that P3 ∩ M is a hyperplane of M . Let
L denote an arbitrary line of M containing a point x of P2 and let Q denote an arbitrary quad
through L not contained in M . Since x⊥ ∩ Q = L, the quad Q is singular with respect to H . The
deep point y of Q is contained in L and must belong to P3. Since P3 is a subspace, L \ {y} ⊆ P2.
This proves that P3 ∩ M is a hyperplane of M . Obviously, H is the extension of P3 ∩ M . Now,
let M ′ denote a max disjoint from M . By the induction hypothesis, the hyperplane H ∩ M ′ of
M ′ is an SDPS-hyperplane. Hence, also the hyperplane P3 ∩ M of M , which is isomorphic to
H ∩ M ′, is an SDPS-hyperplane. So, the hyperplane H which is the extension of P3 ∩ M is also
an SDPS-hyperplane. 
Lemma 4.5. Every point of P2 is contained in a deep max.
Proof. Let x denote a point of P2 and let M denote the unique max containing all points of
x⊥ ∩ H .
Step 1:Δ∗n−2(x) ∩ M ⊆ H .
PROOF. Let y ∈ Δ∗n−2(x) ∩ M and let M ′ denote a max through x and y different from M .
By the induction hypothesis, the hyperplane H ∩ M ′ of M ′ is an SDPS-hyperplane. Let f ′
denote the SDPS-valuation of M ′ associated with the hyperplane H ∩ M ′ and let Fx denote the
convex subspace of M ′ through x for which property (V3) is satisfied (w.r.t. the valuation f ′).
By Proposition 2.3, Fx = M ∩ M ′ and by Proposition 2.2, Fx ⊆ H ∩ M ′. Hence, y ∈ H .
Step 2: Every point ofΔ∗1(x) ∩ M belongs to P2 ∪ P3.
PROOF. If y ∈ Δ∗1(x) ∩ M , then Δ∗1(y) ∩ M ⊆ H by Step 1 and the fact that n ≥ 4. So, y must
belong to P2 ∪ P3.
Step 3: There exists a point x ′ ∈ Δ1(x) ∩ M ∩ P2.
PROOF. Let L denote an arbitrary line through x contained in M and let Q denote a quad through
L not contained in M . Since x⊥ ∩ Q = L, the quad Q is singular with respect to H . The deep
point y of Q is contained in L and necessarily belongs to P3. Since P3 is a subspace, y is the
only point of L contained in P3. The claim now readily follows.
Step 4: M ⊆ H .
PROOF. Let x ′ be a point ofΔ1(x)∩ M ∩ P2. ThenΔ∗n−2(x ′)∩ M andΔ∗n−2(x)∩ M are maximal
subspaces of M contained in M ∩ H . It follows that M ⊆ H . 
In view of Lemmas 4.4 and 4.5 and what we need to prove, we may suppose that P2 = ∅
and that there are no deep maxes. Let H denote the complement of H in Δ. For every point
x of Δ, we define f (x) = d(x, H). Let M denote the maximal value attained by f and put
f (x) := M − f (x) for every point x ofΔ. In the following, we will prove:
(1) f is a valuation of Δ;
(2) if A is a hex of Δ, then the valuation induced in A is either classical or the extension of an
ovoidal valuation in a quad of A.
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By Proposition 3.3, we then can conclude that f is the extension of an SDPS-valuation. Since
P2 = ∅, we even can say more: the extension must be trivial (see special cases I and II of
Section 3). So, f is an SDPS-valuation.
Lemma 4.6. If M is a max of Δ and if x is a point of M, then d(x, M ∩ H ) = d(x, H).
Proof. (Notice that M ∩ H = ∅, since we assumed that there are no deep maxes.) Obviously,
d(x, H) ≤ d(x, M ∩ H). We will now show that also d(x, M ∩ H) ≤ d(x, H). Put k := d(x, H)
and let x = x0, x1, . . . , xk be a path of length k connecting x with a point xk of H . If
xk ∈ M ∩ H , then obviously, d(x, M ∩ H) ≤ d(x, H). So, we will suppose that xk ∈ M .
Then d(x, πM (xk)) = k −1. Suppose d(πM (xk), H ∩ M) ≥ 2. Then the point πM (xk) of H ∩ M
is deep with respect to the hyperplane H ∩ M of M and hence is also deep with respect to the
hyperplane H (recall that P2 = ∅). This contradicts xk ∈ H . Hence, d(πM (xk), H ∩ M) ≤ 1.
Since d(x, πM(xk)) = k − 1, we find d(x, H ∩ M) ≤ k = d(x, H). 
Lemma 4.7. Let M be a max of Δ and let fM denote the valuation of M whose associated
hyperplane is H ∩ M. Then there exists a constant aM such that f (x) = fM (x) + aM for every
point x of M.
Proof. By Proposition 2.4, there exists a constant M1 such that fM (x) = M1 − d(x, M ∩ H )
for every point x of M . The lemma now follows from Lemma 4.6 and the fact that f (x) =
M − d(x, H). 
We will now show that the function f satisfies the properties (V1), (V2) and (V3) in the
definition of valuation. Obviously, f satisfies (V1), since f (x) = 0 for every point x at maximal
distance from H .
Lemma 4.8. The function f satisfies property (V2).
Proof. Let L denote an arbitrary line of Δ, let M denote a max through L and let fM denote
the valuation of M associated with the SDPS-hyperplane H ∩ M . There exists a unique point
on L with smallest fM -value. By Lemma 4.7, this point is the unique point of L with smallest
f -value. 
For every point x of Δ, let Lx denote the set of lines through x containing a point y with
f (y) = f (x) − 1.
Lemma 4.9. For every point x of Δ, Lx is a subspace of ResΔ(x).
Proof. Let L1 and L2 denote two distinct lines of Lx , let Q denote the unique quad through L1
and L2, let M denote an arbitrary max through Q and let fM denote the valuation associated
with the SDPS-hyperplane M ∩ H . Let F ′x denote the convex subspace of M through x for which
property (V3) is satisfied with respect to the valuation fM . Let L denote an arbitrary line of Q
through x . By Lemma 4.7, there exists a unique point on Li , i ∈ {1, 2}, with fM -value fM (x)−1.
It follows that L1, L2 ⊆ F ′x and hence also that L ⊆ F ′x . So, L contains a unique point with fM -
value fM (x) − 1. This point is also the unique point of L with f -value f (x) − 1. It follows that
L ∈ Lx . So, Lx must be a subspace of ResΔ(x). 
For every point x ofΔ, let Fx denote the convex subspace through x such that the lines of Fx
through x are precisely the lines of Lx .
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Lemma 4.10. Fx = Δ if and only if x ∈ H.
Proof. If x ∈ H , then obviously Fx = Δ. If x ∈ H , then there exists a point y collinear with
x such that d(y, H) = d(x, H) − 1. Then f (y) = f (x) + 1 and so the line xy is not contained
in Fx . 
Lemma 4.11. If x and x ′ are points of Δ such that f (x) = f (x ′) and x ′ ∈ Fx , then Fx ′ = Fx .
Proof. By Lemma 4.10, the lemma holds of x, x ′ ∈ H . So, suppose x, x ′ ∈ H . Then Fx = Δ.
So, there exists a max M containing Fx . Let fM denote the valuation of M corresponding with
the SDPS-hyperplane H ∩M of M . Let F ′x denote the convex subspace of M through x for which
property (V3) is satisfied with respect to the valuation fM . By Lemma 4.7, it readily follows that
F ′x = Fx and fM (x) = fM (x ′). Every line of F ′x through x ′ contains a unique point with fM -
value fM (x ′)−1. Hence by Lemma 4.7, every line of Fx through x ′ contains a unique point with
f -value f (x ′) − 1. It follows that Fx ⊆ Fx ′ . So, x ∈ Fx ′ and f (x) = f (x ′). Applying the above
reasoning again, we obtain Fx ′ ⊆ Fx . Hence, Fx = Fx ′ . 
Lemma 4.12. The function f satisfies property (V3). Hence, f is a valuation.
Proof. We will show that property (V3) is satisfied with respect to the convex subspaces Fx of
Δ. Let x denote an arbitrary point of Δ. By Lemma 4.10, there is nothing to prove if x ∈ H .
So, we may suppose that x ∈ H (and Fx = Δ). Let M denote an arbitrary max through Fx
and let fM denote the valuation corresponding with the SDPS-hyperplane H ∩ M of M . Let F ′x
denote the convex subspace of M through x for which property (V3) is satisfied with respect to
the valuation fM . By Lemma 4.7, F ′x = Fx . Now, fM (u) ≤ fM (x) for every point u of F ′x = Fx .
Hence by Lemma 4.7, f (u) ≤ f (x) for every point u of Fx .
Now, suppose that there exist points u0, v0 such that u0 ∈ Fx , d(u0, v0) = 1, f (v0) =
f (u0) − 1 and v0 ∈ Fx . Put k := f (x) − f (u0) = fM (x) − fM (u0) ≥ 0. If f ′ is the
valuation of Fx induced by fM , then k = f ′(x) − f ′(u0). By Proposition 2.4, there exists a
path u0, u1, . . . , uk in Fx such that f ′(uk) = f ′(x), or equivalently, such that f (uk) = f (x). By
Lemma 4.11, Fuk = Fx . Now, for every i ∈ {1, . . . , k}, let vi denote a common neighbour of vi−1
and ui different from ui−1. Then vi ∈ Fuk for every i ∈ {0, . . . , k}. Since f (v0) = f (u0) − 1,
d(v0, H) = d(u0, H ) + 1 = M − f (u0) + 1. Since vk ∈ Fuk , f (vk) = f (uk) + 1. So,
d(vk, H) = d(uk, H ) − 1 = M − f (uk) − 1 = M − f (x) − 1. Now, k ≥ d(v0, vk) ≥
|d(v0, H )−d(vk, H )| = | f (x)− f (u0)+2| = k +2, a contradiction. Hence, if u0, v0 are points
such that u0 ∈ Fx , d(u0, v0) = 1 and f (v0) = f (u0) − 1, then v0 ∈ Fx . This proves that f
satisfies property (V3). 
The following lemma in combination with Proposition 3.3 finishes the proof of our main
theorem.
Lemma 4.13. The valuation induced by f in any hex is either classical or the extension of an
ovoidal valuation in a quad.
Proof. Let A denote an arbitrary hex of Δ, let M denote an arbitrary max through A and let fM
denote the valuation of M corresponding with the SDPS-hyperplane H ∩ M . By Proposition 3.2,
the valuation fA of A induced by fM is either classical or the extension of an ovoidal valuation
in a quad. By Lemma 4.7, fA is also the valuation of A induced by f . The lemma now readily
follows. 
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